We present a semi-classical study of the effects of the Lorentz force on electrons during high harmonic generation in the soft and hard X-ray regions driven by near-and midinfrared lasers with wavelengths from 0.8 to 20 μm, and at intensities below 10 15 W/cm 2 . The transverse extent of the longitudinal Lorentz drift is compared for both Gaussian focus and waveguide geometries. Both geometries exhibit a longitudinal electric field component that cancels the magnetic Lorentz drift in some regions of the focus, once each full optical cycle. We show that the Lorentz force contributes a super-Gaussian scaling which acts in addition to the dominant high harmonic flux scaling of λ -(5-6) due to quantum diffusion. We predict that the high harmonic yield will be reduced for driving wavelengths > 6 μm, and that the presence of dynamic spatial mode asymmetries results in the generation of both even and odd harmonic orders. Remarkably, we show that under realistic conditions, the recollision process can be controlled and does not shut off completely even for wavelengths >10 μm and recollision energies greater than 15 keV.
infrared (IR) laser light to much higher photon energies. In HHG, atoms undergo tunnel ionization in the strong driving laser field, and the resulting electrons are accelerated by the field before recombining with their parent ion to emit harmonics [1] [2] [3] [4] [5] [6] [7] . The harmonic cutoff photon energy for a single atom is given by SAcutoff 3.17 P P h I U ν = + , where h is Planck's constant, SAcutoff ν is the frequency of the cutoff harmonic, P I is the ionization potential of the target gas, and for a driving laser with intensity L I and wavelength L λ , 2 P L L U I ∝ λ is the quiver energy of the electron in the field. As a result, one route for achieving higher HHG photon energies is to increase the driving laser wavelength. However, past studies have suggested that this approach would adversely affect the HHG flux, since theory predicts a single-atom fluence scaling of (5 6 ) L − − λ due to quantum diffusion of the electron wavepacket [8] [9] [10] [11] . Fortunately, in recent work using mid-IR driving lasers, we demonstrated that phasematched growth in very high pressure gases can compensate for the low single atom HHG yield. Thus, bright HHG beams can be produced up to photon energies >1.6 keV, corresponding to >5,000 harmonic orders [8, 12] . However, a classical picture of electron trajectories following ionization predicts that for significantly longer wavelengths than those used experimentally to date (up to 4 µm), the Lorentz × v B force will cause the electron to miss its parent ion, avoiding recollision and shutting-off the HHG process.
In this paper, we present a semi-classical study of the influence of the Lorentz force on electron trajectories during high harmonic generation driven by near-and mid-infrared lasers with wavelengths from 0.8 to 20 μm, and at optimal intensities up to 10 15 W/cm 2 . Specifically, we investigate the longitudinal deflection induced by the Lorentz × v B force combined with the longitudinal component of the electric field of a confined laser focus, to show how the overall displacement depends on the driving laser wavelength, intensity, mode size, and HHG geometry. Previous studies of Lorentz drift effects focused on laser-matter interactions in ultra-intense fields (>10 15 W/cm 2 ) that produce large ionization levels that are impractical for efficient, phase-matched HHG [13] [14] [15] [16] [17] [18] [19] . Here we investigate intensities relevant for phase-matched HHG in helium gas [12, 20] . We also investigate the geometry most successful for soft X-ray HHG to date, a gas-filled hollow waveguide, and compare it with a free-focus gas cell/jet geometry. In both cases, we find that the longitudinal electric field at the focus can readily cancel the magnetic Lorentz drift. Furthermore, we find that the Lorentz deflection generally allows for brighter harmonics at higher photon energies in a waveguide geometry than in a free focus geometry. We show that the Lorentz force contributes an additional super-Gaussian scaling to the expected HHG flux scaling per atom of (5 6 
. We predict that the high harmonic yield will begin to show these effects for driving wavelengths > 6 μm. Experimental signatures of the Lorentz drift include a reduction in HHG yield, spatial mode shaping, and the emergence of even harmonics. However, in contrast to a plane wave with a fully transverse electromagnetic field, under realistic conditions the HHG recollision process does not shut off completely -even for driving wavelengths >10 μm and recollision energies greater than 15 keV. Additionally, the driving laser mode size can be varied to control the Lorentz drift and resulting HHG efficiency.
In the following analysis, the polarization of the driving laser is assumed to be linear and aligned along the y-axis, while the propagation direction k is along the z-axis, as illustrated in Fig. 1 . Interactions between electrons and neighboring neutral atoms are neglected, since experimental evidence to date indicates that HHG buildup occurs coherently even at the very high (>40 atm) gas pressures required to generate bright keV X-ray HHG beams, despite the incoherent scattering events that would occur at such pressures [8] . Additionally, electron excursion lengths are assumed to be small compared to the laser mode size so that field gradients can be ignored. This assumption is justified since gradients induce a maximal 3% change in drift magnitudes for all cases considered here. 
Lorentz drift derivation
In the classical three-step model [2, 3] , an atom undergoes tunnel ionization at a time 0 t = and at a phase 0 ϕ measured with respect to the peak of the laser field. Depending on 0 , ϕ the electron may return to recombine with the ion ( 0) y = at a later time , ϕ The probability of recombination R P can be calculated through a quantum mechanical approach discussed in Section 3.
The laser-driven motion of the electron is primarily along the polarization axis of the laser field, as described in Eq. (1):
Here, e − is the charge of electron, e m is the electron mass, 2 / L L c π ω = λ is the angular frequency of the laser, and L E is the electric field magnitude of the laser 2 0
with c the speed of light and 0 ε the vacuum permittivity.
In addition to the motion along the polarization direction, there is a smaller motion along the propagation axis due to two contributions from the Lorentz force. The first contribution arises due to the transverse magnetic field, leading to a force that is proportional to × v B , or y x v B to first order. Accounting for the fact that the transverse magnetic field magnitude
, the resulting motion along z due to the × v B force is given by Eq. (2):
To determine the longitudinal displacement of the electron when it returns to the ( 0) y = plane, one simply evaluates ( ) z t 
An important quality to note is that δ × v B will consistently point in the + z direction, regardless of which ½-cycle the electron is ionized. This is due to the fact that , 
From the form of Eq. (4), and using the aforementioned scaling /
, the longitudinal drift associated with z E scales as:
Unlike the drift from × v B , the z E drift switches sign every ½-cycle, which gives rise to spatio-temporal asymmetries discussed in Section 6.
For both longitudinal drifts, the scaling with f τ , or more fundamentally 0 ϕ , cannot be described in a simple form; however, the magnitudes of these drifts generally decrease as 0 ϕ increases from 0 to π/2. The total longitudinal drift resulting from the Lorentz force will be the sum L Ez
, and this quantity will vary spatially, as discussed in Section 5.
Recombination probability R P
If the electron is treated classically, one would expect there to be greatly reduced probability for the electron to recombine with its parent ion if there is a longitudinal drift larger than a Bohr radius. However, due to the quantum nature of the electron, the electron wavepacket diffuses transversely as it travels in the continuum. Thus, for any finite spatial overlap between the diffused wavepacket d ψ and the wavefunction of a bound electron b ψ , the probability R P of recombination and emission of a photon is nonzero and given by Eq. (6):
One may also describe the harmonic yield as originating from a time-varying dipole moment, arising from the interference of ( , )
In either case, the photon yield will be proportional to R P as well as the ionization rate at the time the electron was ionized 0 ( , 0) t Γ = r [4, 13, 24 ]. To approximate ( , ) d t ψ r , we use the Gaussian approximation used in [13, 18, 25] .
Specifically, we approximate the wavepacket using the time-dependent form representing it as a shifted delta function:
Considering only the wavefunction amplitude, the form of R P can be rewritten:
Note that the drift-induced quantum phase dynamics of the electron can shift the absolute positions of the harmonic peaks in the spectral domain, but should not change the overall single-atom spectral shape [28] . Only amplitude effects will be considered here.
To determine how the Lorentz drift influences the high harmonic flux, a comparison must be made between the case when the Lorentz drift is included, and the case when it is set to zero. The relevant comparison is the ratio of recombination probabilities for the two cases, expressed as a recombination probability ratio (RPR) defined in Eq. (7):
The RPR is defined for a single electron ionized during a particular ½-cycle of the driving laser, and has a maximum value of 1 corresponding to zero displacement. In the following Section, we quantify how this recombination probability ratio scales with wavelength, indicating a reduction in HHG fluence as the wavelength is increased.
Scaling of the recombination probability ratio with laser wavelength
In order to study Lorentz displacement effects under conditions applicable to HHG, the intensity of the driving laser must be chosen to achieve bright, phase-matched HHG flux.
Constraining the intensity to the wavelength also simplifies the investigation by reducing the parameter space. We assume the target gas is helium and the peak intensity of the driver is optimized for maximal, mode-averaged, phase-matched HHG flux driven by an 8-cycle pulse, as calculated in [20] . With this assumption, and using reasonable values for the laser mode size, it becomes evident that the Lorentz displacement produces a non-negligible effect for wavelengths larger than ~6 μm. 
The fitting parameter D was calculated to nicely fit the RPR trend using the data in Table 1 .
Fitting to the mode-and 0 -integrated ϕ RPR for harmonics 2 P U > causes the D parameter to increase to ~13.3, with some underestimation at longer wavelengths. The super-Gaussian form of Eq. (8) encapsulates the initially slow onset of the Lorentz displacement, followed by a steep reduction of the RPR for L λ > 6 μm. Note that this flux scaling only accounts for the Lorentz displacement and will act in addition to the (5 6 ) L λ − − scaling from quantum diffusion [8] [9] [10] [11] . Interestingly, the flux attenuation due to quantum diffusion is dominant even up to 20 μm drivers, indicating that the Lorentz drift is not the limiting factor with respect to high harmonic flux driven by long wavelengths.
X-ray spatial profiles in Gaussian foci and in waveguides
In addition to attenuating the total high harmonic flux, the Lorentz displacement also has a spatial dependence that influences the HHG mode. For Gaussian foci, the electromagnetic field components described in Eqs. (13)-(17) from [22] are used. For hollow dielectric waveguides, the linearly-polarized EH 11 hybrid mode described in Eq. (4) of [23] is used. In both cases, the y E and x B components take a Gaussian or near-Gaussian form, while the z E component has a two-lobed structure that arises from taking a spatial derivative of the y E mode along the polarization axis; The z E component is positive in one half of the mode, zero at the center, and negative in the other half, as illustrated in Fig. 1 . Figure 3 shows the Lorentz displacements and RPR profile using a Gaussian focus geometry for a single ½-cycle of a 10 µm driving laser, assuming the electron is ionized at the harmonic cutoff phase 0 18 . In Fig. 3(d Figure 4 shows the same plots as Fig. 3 , but for a waveguide geometry with an inside diameter ( . .) I D resulting in an equivalent mode size ( one can control the spatial position of drift cancellation. In fact, by specifying a driving wavelength and constraining the intensity to be optimal for HHG, the only free parameter to control the RPR mode profile is the mode size. The middle and inner dashed circles in (d) represent the radii within which 1 p U and 2 p U HHG are generated, corresponding to 2.5 keV and 5.1 keV, respectively.
In Fig. 5 , the HHG photon energy at the location of drift cancellation is plotted as a function of wavelength and mode size. Generally, the RPR approaches unity at a higher harmonic energy in waveguides than in a Gaussian focus, for comparable mode sizes. For a 20 μm driver with optimal intensity of 14 2 2.77 10 W/cm × in a 250 μm I.D. waveguide, the HHG energy that has RPR = 1 is approximately 2 , P U which is ≈17 keV. This shows that even very high energy harmonics in the hard X-ray region can be produced through HHG without the Lorentz drift shutting off the recollision process. Furthermore, Fig. 5 can be used as a guide to select the mode size necessary for drift cancellation and efficient generation of a desired HHG photon energy. with β related to the ionization potential of the gas. Figure 6 shows the phase-integrated RPR for all harmonic energies in both the Gaussian focus (a) and waveguide (b) geometries. Figures 6(c) and 6(d) are identical to 6(a) and 6(b), but only HHG energies above 1 P U contribute. Primarily due to differences in mode shape, there is a larger area with nonzero RPR in Fig. 6 (d) than in Fig.  6(c) , indicating a mode-averaged flux advantage for the waveguide case over the Gaussian focus case. It is important to note that different ionization phases will have different spatial profiles for the individual drifts, and thus, the final RPR profile. As a result, different spectral regions will be emitted with different spatial modes, giving rise to complicated spectralspatial dynamics when propagation and phase-matching are considered. 
Experimental signatures of the Lorentz drift
There are a number of experimental indicators that can confirm the Lorentz drift effects predicted above. One of the most important challenges when using mid-IR drivers is the reduction in total HHG flux. It may be experimentally possible to distinguish the super-Gaussian scaling due to the Lorentz drift in Eq. (8) from the polynomial scaling due to quantum diffusion, but would likely prove difficult. The quantum diffusion scaling is dominant and would obscure the Lorentz drift contribution. The Lorentz displacement is also expected to affect the HHG spatial mode. It has been demostrated that as the laser wavelength is increased, the HHG emission from only one ½cycle of the driver is fully phase-matched [31], generating a single X-ray burst even for a multi-cycle driver. Therefore, for sufficiently long driving wavelengths and ideal phasematching conditions, an isolated HHG pulse should be produced with an asymmetric mode profile along the polarization direction, as indicated by Fig. 6 . Further, varying the intensity or carrier-envelope-phase (CEP) of the driving pulse can cause the particular ½-cycle that is phase-matched to change, thus causing the asymmetric HHG mode to flip about the x-axis. Imaging this mode onto an X-ray CCD camera and adjusting the intensity or CEP could reveal a signature of the spatially-dependent Lorentz drift. In contrast, for the lower photon energy range where multiple ½-cycles contribute to the HHG signal, a more symmetric mode is expected that could obscure the Lorentz drift signature, but a full spatio-temporal attosecond pulse characterization technique could be employed to reveal the spatio-temporal asymmetry [32] .
When multiple ½-cycles of the driver contribute constructively to HHG, individual harmonics are spectrally resolved. Using single-color drivers, only odd order harmonics are observed due to the emission of HHG bursts every ½-cycle. This typical twice-per-cycle emission in the time domain causes the energy spacing of harmonics in the spectral domain to be twice the fundamental photon energy. Even harmonics are, therefore, not allowed. However, the Lorentz displacement can break the ½-cycle symmetry in some spatial regions, and thus give rise to even harmonics. Looking off-axis in Fig. 6 , the recombination probability ratio is close to unity in the lower half of the mode (i.e. Ez δ cancels ).
δ × v B
In the next ½-cycle, this spatial location will not experience the same drift cancellation due to the sign flip of ,
At this spatial position, there will be bright emission, followed by weak emission during the next ½-cycle, and so on. A portion of this signal will have the usual / 2 L λ periodicity, which produces odd harmonics. Additionally, there will be a portion that has a L λ periodicity that will give rise to every harmonic, including the even orders. By analyzing the asymmetry of Fig. 6 , it is possible to predict the mode profile of the even and odd harmonics. By using an imaging spectrometer that can separate the individual harmonics of a 10 μm driver near 1 , P U one would expect to observe a signal similar to that shown in Fig. 7 . Here, the peak intensity of the even harmonics is close to 30% that of the odd harmonics, but this ratio approaches unity as the driving wavelength and harmonic energy are increased (i.e. 20 μm and 2 ).
P U
Note that this result includes only the modulations in amplitude, and that ½-cycle phase asymmetries can shift the absolute spectral positions of the harmonics [28] . Experimentally, resolving the individual harmonics with such long driving wavelengths and large harmonic energies would prove to be difficult, but might be possible with the use of a Fourier transform spectrometer, similar to the one used in [31]. 2.77 10 W/cm .
The moderate spatial and temporal asymmetry of the Lorentz drift gives rise to even harmonics with a two-lobed structure along the polarization direction.
Outlook
The laser modes and conditions presented in this paper have experimentally been the most successful for efficient HHG to date, but other modes could be considered. There are a number of low-loss waveguide modes other than the EH 11 mode, such as the TE or TM modes that have interesting polarization properties and field components. The resulting interplay of these fields could show advantages with respect to harmonic flux. Even considering the linearly-polarized EH nm waveguide modes, it is possible to populate multiple modes at the same time, and the presence of the higher order modes could influence the drifts shown above. However, each mode propagates with a different phase velocity, so the resulting drift profiles would be changing with propagation. It could be possible to use this effect to implement quasi-phase-matching, periodically turning on and off the HHG process via the dynamic recombination probability ratio [33] [34] [35] . Furthermore, HHG driven by multiple wavelengths, circular polarizations, and noncollinear geometries can add other forms of control over the fields, and thus, the Lorentz drift.
Finally, this paper has investigated only the single-atom amplitude effects resulting from the Lorentz drift, but the quantum phase accumulated by the electron wavepacket during its trajectory should be influenced by the Lorentz force, and can have an effect on the phasematching conditions as well as the spectrum. These phase effects will vary spatially and temporally, and combined with propagation, will modify the far field characteristics of the emitted harmonics. These phenomena will be discussed in future work.
Conclusions
We have presented a semi-classical analysis of the influence of the Lorentz force on efficient high harmonic generation and explored the resulting spatio-temporal effects. For finite laser modes, a longitudinal electric field component arises and contributes to the total Lorentz displacement of the ionized electron wavepacket. The drift resulting from the z E field combines with the × v B drift to give a spatially-varying net drift profile, which can be close to zero over a relatively large area. Overall, the high harmonic flux gains an additional super-Gaussian scaling with wavelength, where noticeable attenuation occurs for driving wavelengths > 6 μm. Experimental signatures of the Lorentz drift include flux reduction, spatial mode shaping, and the emergence of even harmonics. Despite the reduction in flux, the Lorentz drift does not completely shut off harmonic emission, even for driving wavelengths >10 μm and recollision energies >15keV.
